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HOMOGENIZATION FOR NON-SELF-ADJOINT PERIODIC 
ELLIPTIC OPERATORS ON AN INFINITE CYLINDER 

NIKITA N. SENIK 


Abstract. We consider the problem of homogenization for non-self-adjoint 
second-order elliptic differential operators of divergence form on x 

where di is positive and d 2 is non-negative. The coefficients of the 
operator are periodic in the first variable with period e and smooth in 
a certain sense in the second. We show that, as e gets small, {A^ — 
and Dx 2 ~ converge in the operator norm to, respectively, 
and Dcc 2(-4^ — where A^ is an operator whose coefficients depend only 

on X 2 . We also obtain an approximation for Dxi{A^ — and find the 

next term in the approximation for {A^ — Estimates for the rates of 

convergence and the rates of approximation are provided and are sharp with 
respect to the order. 


1. Introduction 

The periodic homogenization problem consists in studying asymptotic behavior 
of solutions of differential equations with rapidly oscillating coefficients. The key 
fact about homogenization is that the solutions of such problems converge to solu¬ 
tions of problems whose coefficients no longer oscillate; in applications, this means 
that we approximate highly heterogeneous media by a homogenous one. Classical 
arguments (as in llLP], HE] or |ZhKQP show that the convergence is weak or 
strong. In certain cases, they may even imply the norm-resolvent convergence of 
the corresponding operators (see |OShY| ~): however, the question of whether these 
operators converge in the norm-resolvent sense without any additional regularity 
assumptions remained open until 2001, when Birman and SUSLINA |BSul| (see 
also |BSu2p proved that this is the case for a broad class of elliptic problems. Many 
related results appeared in subsequent years; see, for example, |C?rT| . [Gr2], (ZhI . 
[ZhP] . |Bo| . |KLS| and references therein. In the recent paper |CHCp a result of 
this kind was obtained for some of the high-contrast problems. 

The present paper is motivated by the study of homogenization problems for 
operators whose coefficients are periodic only in certain directions. These arise 
naturally in many applications - for instance, in the theory of waveguides and in 
elasticity, - and were investigated in |S-HT| . |OShYP |Suip |BCSu| and [SeT]. 
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Let ^ be the cylinder x In |Sul| . SUSLINA studied the homogenization 
problem for elliptic self-adjoint operators on S of the form 

= BiAii(e~^xi,X2)-Di + D2A22{e~^xi,X2)D2. 

Here, An and A 22 are periodic in the first variable and Lipschitz in the second. 
She proved that A^ converges in the norm-resolvent sense to an operator A^, whose 
coefficients depend only on the non-periodic variable X 2 , and furthermore 

Such problems were further analyzed in |Se 1| . where we extended that result to 
self-adjoint operators with lower-order terms and also obtained an approximation 
for the resolvent in B(L2(5), (Strictly speaking, the work |Se 1| deals with 

the case di = d 2 = 1, although it is possible to use the techniques of that article 
to treat the other cases.) But operators with non-diagonal terms were left beyond 
the scope of these papers, and it is our intention here to fill this gap. 

In this article, we will be concerned with an elliptic non-self-adjoint operator A'^ 
on S of the form 

A'^ = D*A{e~^xi,X2)D + D*ai{£~^xi,X2) + a2{£~^xi,X2)D + q{£~^xi,X2), 

where A, oi, 02 and q are periodic in the first variable with respect to a lattice 
in and have weak derivatives with respect to the second variable. We further 
assume that the coefficients together with the derivatives belong to certain spaces 
of Sobolev multipliers. We find approximations for {A^ — /i)“^ and D{A^ — /i)“^ 
in the operator norm and prove the following estimates: 

(1) II - m)-' - - m)-'I1b(l.(h)) < Ce, 

(2) \\D2iA^ - m)-' - D2{A° - m)-'IIb(l.(h))-2 < Ce 
and 

(3) \\Di{A'^ — fj.) ^ — Di{A° — fj,) ^ ^ C'e, 

(4) |i(^- - - (^0 - - £C^||b(L2(h)) < 

(see the statements of Theorems [l]-[^ in Section]^. Here, A^ is the effective op¬ 
erator and /C® and C® are correctors. The effective operator has a form similar to 
that of A'^, with coefficients depending only on the non-periodic variable X 2 , while 
the correctors involve rapidly oscillating functions. The estimates are sharp with 
respect to the order and the constants on the right may be expressed explicitly in 
terms of the problem parameters. Some of our results were announced in |Se2| . 

The estimates and 0 have no analogue in |Sul| and |Se 1| . The former is 
new and the latter has appeared for the first time in |BSu3| for certain self-adjoint 
operators on the entire space. A more recent development |Su4| has extended 
that result to self-adjoint operators with lower-order terms. We also mention here 
the paper jP], where an estimate similar to 0 was obtained for operators on 
with smooth coefficients. However, all those results apply only to purely periodic 
operators. 

On the other hand, we may regard the problem we address here as a special case 
of more general locally periodic homogenization problems (where the coefficients 
may depend on both x and £~^x). From this point of view, estimates of type 0 
and 0 are known; see, for instance, lET], where symmetric operators with no 
lower-order terms were treated. In contrast, the estimate 0 is a feature of our 
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problem. As for 0, we believe that the arguments provided here can be used to 
prove a similar result for locally periodic operators as well. 

The operator-theoretic method of Birman and SUSLINA deals only with purely 
periodic operators and cannot be extended to locally-periodic ones. Nevertheless, 
the abstract results they obtained may be adapted, by ad hoc means, to get the 
approximations for operators with A having block-diagonal structure, as shown 
in [Sul| and |Se 1| . However, operators with more general A do not fit into this 
framework. So, if we are to handle these cases, we must develop a different approach. 

Our program is as follows. We first reduce the problem to a problem on a funda¬ 
mental domain for the lattice. This is done by applying the scaling transformation 
and the Gelfand transform, both with respect to the periodic variable. This step 
is identical to the one in |Sul| and |Se 1| . The next step differs significantly. We 
prove suitable versions of the resolvent identity (see (63) and @). This enables 
us to verify the desired inequalities by elementary means. 

Note that the torus can be replaced by any flat manifold without boundary 
, for instance). We hope that the techniques presented in this article will prove 
useful in studying homogenization problems on domains of type x (0,1)'^^ with 
Dirichlet or Neumann boundary conditions as well. 

The paper is organized as follows. In Section we give the necessary back¬ 
ground information, introduce the operator A^, as well as the effective operator 
and the correctors, formulate the problem under consideration and provide an ex¬ 
ample of A'^. Section 1^ contains presentation of the main results. In Section]^ we 
deal with the problem on the fundamental domain and prove the results. 


2. Basic definitions and problem formulation 
We begin with some notation. 

2.1. Preliminaries. The symbol || • ||(7 denotes the norm on a normed space [/. Let 
U and V be Banach spaces. We use the notation B({7, H) to denote the Banach 
space of bounded linear operators from U to V. When U = V, the space B([/) = 
B(t/, f7) becomes a Banach algebra with identity I. The inner product on a pre- 
Hilbert space U is denoted by (a ■)u- In the finite-dimensional case U = C", the 
norm and the inner product are denoted by | • | and (•, •), respectively. We shall 
identify the spaces B(C",C'") with 

Let E be a domain in and U a Banach space. Then Lp{Yj] U), with 1 < p < oo, 
is the Banach space of strongly measurable functions u: 'S, ^ U satisfying 

I|m||l^(E;(7) = (^ Jju { x )\\^ dx ^ <00 

if p < OO and 

lhllL„„(S;C/) = esssup|ju(a :)||;7 < OO 

if p = oo. In case U = C”, we shall write || • ||p,s for the norm on Lp{Y,)'^ = 
Lp{Y,\U) and (•, •) 2 ,e for the inner product on L 2 (S)" = L2(E;t7). We denote 
by W™(E), with m S N and 1 < p < oo, the Banach space of those measurable 
functions n: S —>■ C that possess all weak derivatives up to and including order m 
and such that 
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||u||m,p,S = ||m||w™(E) 


if p < oo and 



< 00 


||M||m,oo,s = ||m||vi^™(s) = max \\D°‘u\\l^(T.) < 00 

°° |a|<m 

if p = oo. The Hilbert space is denoted by H'^{Y,), and is its dual 

space under the pairing (•, • ) 2 ,s- If S is not open, then VF™(E) will be understood 
to mean the Sobolev space on the interior of S. 

Multipliers between Sobolev spaces are (generalized) functions such that the cor¬ 
responding multiplication operators are bounded. Here we shall be brief; a thorough 
treatment of Sobolev multipliers may be found in |MSh| . Let E be a Lipschitz do¬ 
main in and let m and n be non-negative integers satisfying m> n. Then 7 is 
a Sobolev multiplier between //’"(E) and iL"(E) (written 7 S M(H’"(E), iL”(E))) 
provided that the operator of multiplication 7 : iJ"*(E) —>■ iJ"(E) is continuous. 
The space M(iJ'"(E), 7L"(E)*) of Sobolev multipliers between and the dual 

of is defined in the same way. Notice that an element of M(iL’”(E), iL”(E)*) 

is a complex-valued distribution. 

We shall normally write II 7 IIM for the norm of a Sobolev multiplier 7 . This should 
lead to no confusion, since, once we discover that 7 G M(7J"*(E), 7L"(E)) (or 7 G 
M(iJ™(E), iJ"(E)*)), we fix the spaces iL'"(E) and iL"(E) (or the spaces iL"*(E) 
and iL"(E)*). 

Given a positive 5, the scaling transformation is defined to be the map that 
assigns to each measurable function u on E the measurable function v on 
given by v(y) = S'^'^^u(Sy). Then S'^ is an isomorphism of iL’”(E) onto iJ"*((5“^E), 
with 

ll‘ 5 ^llB(ff"*(E),H’"( 5 -iE)) < max{l,(5'"}, 

and an isometry provided that m = 0. By duality extends to so that 

5^: iJ'"(E)* -G- is also an isomorphism and 

< max{l,(5 ”*}. 

Let {Am}mG[ii] a basis of Here, [d] denotes the set of integers {1, 2,..., d}. 
Then the basis generates the lattice 

A = |a G : A = y ( Tlra^rm G ^ 

mG [d] 

with the basic cell 

G a; = ^ x ^ X^,Xm G [-2“\2“^)|. 

mG [d] 

The dual lattice A* is generated by the basis that is defined by the 

equations (Am,A*) = 2'K5mn- We denote the Brillouin zone by fl*: 

Vt* = {kG |fc| < \k-X*\,X* G A* \{0}}. 

Notice that the closure of H* is a convex polyhedron containing the ball of ra¬ 
dius ta = 2 “^ niin;^.gA*\{o} |A* I centered at the origin. 
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Lattices are intimately related to Fourier series. If u is any function in L2{^), 
then there is a unique representation 

A*eA* 

where the series converges in L 2 (n). The corresponding mapping u i—>■ {ua»}a*gA* 
is an isometric isomorphism of L2{^) onto 12{A*). 

Let Wp{n) denote the subspace of consisting of functions whose periodic 

extensions are in The symbol ITj7o(r2) stands for the space of functions 

in with zero mean value. We shall write iL™(n) and for IT™(n) 

and IT™o(^^)- Observe that, for each fc G and any u G we have 

\\iD + k)u\\l Q= ^ |A* +/cpIuA-P, 

A*eA* 

which yields a variant of Poincare’s inequality: 

( 5 ) \\u - UQ\\2,n < Cn\\{D + k)u\\2,n, 

all k G fl* . Here, uq = | 0 |“^ f^u(x) dx and Cn = . 

Another operator that is closely related to lattices is the Gelfand transform 
Q : ^ 2 ( 1 ^'’*) —> ^ 2 ( 0 * X n) given by 

igu){k,x) = |L!*|-i/ 2 ^u(a: + A) 

AeA 

the series converging in ^ 2 ( 0 * x fl). It is well known that Q is an isometric isomor¬ 
phism of ^ 2 ( 1 ^'^) onto ^ 2 ( 0 * xfl) and an isomorphism of onto ^ 2 ( 0 *; iL^(O)). 

By duality, the Gelfand transform extends to so g: —)■ ^ 2 ( 0 *; iL^(O))*. 

2.2. Problem formulation. We fix a positive integer di and a non-negative inte¬ 
ger d2; the first will be the number of the periodic directions, and the second will 
be the number of the non-periodic directions. We suppose for specificity that d2 is 
positive; the case (i 2 = 0 is similar, with obvious changes. Let d = di + d2. Set 
S = X T'^, L > 0, where stands for the (i 2 -dimensional flat torus 

that is, a cube in with opposite sides identified. Now for each a; G S, 
we have x = (a;i,a; 2 ), where Xi G and X 2 G The mth coordinate of xi and 
the nth coordinate of X 2 are denoted by xi^m and X 2 ,n, respectively. 

Let A be a lattice in acting on S. If we denote a basic cell of A by fli and the 
torus by Q 27 then O = Oi X 122 is a fundamental domain for A, and {HaIagA, 
where Ha = A -I- 12, is a tiling of S. 

We now introduce a class of allowed coefficients. Let U and V be complex Sobolev 
spaces over the interior of 12 or subspaces of such spaces. We define S{U, V) to be 
the set of all complex-valued generalized functions 7 G such that (1) 7 is 

periodic with respect to A, (2) 7 G M([/, P), and (3) G 'M.{U,VY'^. We shall 
write S({7) in place of S([/, U). 

Let A be a matrix-valued function in S(L 2 ( 12 ))'^^‘^ with Re A uniformly positive 
definite, oi and 02 be vector-valued functions in S(iL^(12), L 2 ( 12 ))'^, and g be a 
complex-valued distribution in S(iL^(12), iL^(12)*). Assume also that 

( 6 ) 


IIoiIIm + ||a2||M + IkllM < ll(ReA) . 
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This last requirement is not as restrictive as it might seem to be. It will turn out 
that the hypothesis (§ is, in a sense, a weaker property than the relative — A-form- 
boundedness of a^D + D*a2 + q with relative bound zero, so that ^ is satisfied in 
most cases - see Remark | 2 ] below. 

Remark 1 . Our intention is to replace the scale of Lebesgue spaces with that of 
multiplier spaces, which prove to be perfectly suited to the problem in question. 
In particular, for this reason we use M(L2(f^)) for the space Loo(O). 

Let iDi be the vector of first partial derivatives with respect to Xi and iZ?2, with 
respect to X2- Let Vi = and I?2 = shall use V to denote Vi +1?2. 

Given e S ^ = ( 0 , 1 ], we introduce the notation ®X) for any 

Sobolev multiplier 7 (if 7 is a function, then j‘^{x) = j(e~^xi,X2) for cc S S) and 
define the form on H^{E) by 

( 7 ) a‘^[u] = {A‘^'Du,'Du)2,e + i'Xu, alu)2,E + {a2U,'Du)2,3 + 11)2,3. 

Notice that 7 1—>■ 7"^ is abounded map of M(i 7 '"(n), L2(f^)) onto L2(II^)) 

and of M(iJ™(n), iJ^(n)*) onto with norms not exceed¬ 

ing 1 . Here fl® = efli x O2. Then, since A^, a^, n G [ 2 ], and are periodic with 
respect to sA and since {(r 2 A)^}AGA is a tiling of S, we see that A^ G M.(L2(E))‘^^^, 

G M( 77 ^(S), 7^2(2))'^ and q‘^ G Furthermore, the corre¬ 

sponding norms are majorized by the multiplier norms of A, an and q, respectively. 
Now it is clear that is bounded, 

( 8 ) < Q||m||i. 2 .h|M|i. 2 ,h, U,VGH^(E), 

where 

C\/ = II^IIm + IIoiIIm + ||a2||M + IkllM- 

Observe also that 

( 9 ) Re> c*||I?u||2.H - c^||u||2,H, uGH^CE.), 
where 

(10) c* = ||(ReH)“^||)(;j^ - IIoiIIm - ||a2||M - IkllM, 

( 11 ) c^^ = 2 “^(||ai||M + ||a 2 ||M) + IkllM- 

Since c* is positive, it follows that a‘^ is coercive. 

Thus, is strictly m-sectorial, with sector 

(S’! = {z e C: |Imz| < c~^C\;{Kez + c* -I- c\^)]. 

Let A^^'. H^(E) -G H^{E)* be the operator associated with the form — ji. 

Then . 4 ® is an isomorphism whenever ^ ^ Si. 

Remark 2 . The hypothesis (§ is needed in order for the form to be coercive. 
In fact, it can be weakened to allow those a„, n G [ 2 ], and q that satisfy, for 
any u G 

(12) I|a„w|l2,n < Ca„+ C'a„llwllyn. 

( 13 ) \{qu,u)2,Q\ < Cg\\Du\\l^ + Cg\\u\\l^ 

with 

( 14 ) 


Caf +Cg < ||(Re 4 ) ^llj. 
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Indeed, since we are interested in estimating operator norms (see Theorems 
and since is an isomorphism, we may replace by = S^A'^{S^) (Here, 
we realize the torus ^2 = T‘^ as the cube [ 0 ,L]'^^ with opposite sides identified, 
and, in this sense, is well defined and equals It is easy to see that 

the coefficients of A^ are given by H a„ = and q = 

Therefore, if we take S so that < minlca^C”^, then 

IISiIIm + ||a2|jM + ||g|lM < + Cq) 

<S-^{ReAr^\\^ = meAr^\\^; 

that is, the hypothesis ^ holds for A'^ ■ We note that the class of operators such 
as A^ here is broad enough to cover most cases that arise in applications - see an 
example below. 

We are interested in approximations for (. 4 p“^ and 'D{A^^)~^ in the operator 
norm on L 2 ( 2 ). In order to describe these approximations, we define the effective 
operator and two different correctors. 

2 . 3 . Effective operator. Let N be the weak solution of 

( 15 ) VlA{ViN + I) = 0 

in L2{fl2', and M be the weak solution of 

( 16 ) Vl{AViM + a2) = Q 

in L2iSl2\ Hl{rii)). We know that N and M exist and are unique, since we may 
rewrite these problems as 

( 17 ) DlA^iDiu = Dlf, 

with an / in L2{^Y^ and u € L2(fi2', be found. Notice in passing that 

such a u satisfies 

(18) (Hii(-,x2)i:iiu(-,a;2) -/(•,a;2),-Dl^')2^f^^ =0 
for almost every X2 € VI2 and all v G 

We now provide some elementary properties of N and M (cf. |Su 21 Proposi¬ 
tion 8 . 2 ]). 

Lemma 1 . Let u be the weak solution of the problem ( | 17 [ ) where the function f is in 
M(iJ™(n); L2{LI)Y'-, m a non-negative integer. Then Diu G M(i 7 "*(f 22 )) L2(Jl)Y^ 
and 

\\Diu\\m < |fIir/2||(ReH)-i|lM|l/l!M. 

If in addition, D2.nf G L2{Ll)Y^ for some n G [^2]) then D2^nDiu G 

m{H'^{Tt2),L2{A)Y^ and 

||L' 2 ,TtL*lw||M < |llir^^||(R-eAl)“^||M(||L' 2 ,n^||M||(ReAl)“^||]V[||/||M + \\D2,nf\\m)- 

Proof. Let v = u|wp with w G C^{Ll2). Then v G L2{Ll2] Hq{LIi)), and we can 
apply both sides of 0 to V, obtaining 

||(£>iM)w||2,n < ||(R-eHii)“^||M||/w||2,n- 

This proves the first assertion. 
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Suppose now I?2,n/ G (fl)-, L2{^)Y^ ■ We know that I?2,n/ € L2(i^)‘^S so 

D2^nU exists and belongs to L2(n2; (^^i)), which may be verified by using the 

difference quotient technique of Nirenberg. Therefore, we can write 

DlAiiDiD2,uU = Dl{D2,nf - {D2,nAii)Diu). 

Applying both sides of the last equality to n = (D2^nu)\w\'^ with w G C"^(fl2) yields 
||(DiZ?2,nu)w||2,n < ||(ReAii)“^||M(ll(£*2,nAii)(Diu)n;||2,n + ||(-D2,n/)R'||2,o), 
and the second assertion follows. □ 

From the above lemma and the Poincare inequality ([^, we conclude that JV G 
S(L2(fi2), L2(n)y^‘^ and V^N G S(L2(n2), L2(fi))‘^^^, while M G S(H^(fi2), L2(n)) 
and ViM G S(H\il2),L2{n))‘^. 

We now turn to the effective coefficients. 

Let 


( 19 ) 


AO = [ A{ViN + I)dyi. 

J Oi 


Then, from the properties of A and N, we have AO G S(L2(^2)Y^'^- It is a standard 
fact (see |ZhK 01 Section 1 . 6 ]) that if Re A is positive definite, then 

( 20 ) “ ^ ^ ^ ^ 


ReAO > [ (ReA)-i(iyi 

V Jni 


This implies that ReAO is also positive definite and furthermore (ReAO) ^ is in 
M{L2{n2)r^‘^ and |l(ReA0)-1 ||m < ||(ReA)-1 ||m. 

Next, we define the functions 


( 21 ) 

( 22 ) 


a° = |Oi|-i [ {V.N + iyaidyi, 

t/ Oi 

02 = I fill ^ f (A2?x Af + 02 ) dyi. 


Both of these are in S{H^{id2), L2{^2)Y, as can be seen from the properties of A, 
oi, 02 and iV, M. 

Finally, let correspond to the form 

(23) {q°u,u)2,Q2 = \fli\~^{qu,u)2,n + \^i\~^{alViMu,u)2,n 

on H^{fl2). By the properties of oi, q and M, we obtain gO g S{H^{n2), H^{Q2)*)- 
Notice that, in the case when g is a function, we have, as usual, 

q° = \Qi\-^ f gdj/i + / a*{DiM dyi. 

f 2 i J 

We are almost ready to define the effective operator. Consider the form a° on 
iL^(S) given by 

(24) a°[u] = (A°I?u,T>u)2,h + (2?m, a?u)2,H + ( 02 ^^, 2?m)2,h + (9°u,- 0 ) 2,3 
where 

(g°u,-0)2,3= / (g°u(a;i, •),-o(a;i, •))2,n2<^®i- 

Then a® is plainly bounded. 


( 25 ) 


|a°[o,n]|<C°||n||i, 2 . 3 |k||i, 2 . 3 , 


u,vG i?^(S), 
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with 

C"® = II^°IIm + IkillM + Ik^IlM + lk°llM- 

In a moment, we shall see that it is coercive. 

Lemma 2 . Let aP be the form on H^{E) 0 ^ 2 ( 5 ; i?Q (Hi)) given by 

a°[u] = j (^{A{yi,X 2 )'Du{x,yi),'Du{x,yi)) 

0 {'Du{x,yi),ai{yi,X 2 )ui{x)) 

+ {a2iyi, X2) uiix),'Du{x,yi))'^ dxdyi 

+ 1^1!"^ / {qui{xi, ■),ui{xi, ■)) 2 ,ndxi 

JK'^i 

where u = {ui,U2) and 'Du{x,yi) = V^uiix) + 'Dy^U2{x,yi). Then dP is coercive 
and 

( 26 ) Reh°[zi] >c*|r!iri|lPh|| 2 Hxa, 

all u (z 0 L2('^i ^0 (^i))- 

Proof. While the proof is quite similar to that of ([^, there is a difference: the 
variables Xi and yi in the definition of a° are “mixed”, so that we cannot treat the 
lower-order terms as before. 

We begin with a first-order term. By Cauchy’s inequality, we have 


/ / ('Du{x,yi),ai{yi,X2)ui{x)) dxdyi 

J ^ J Oi , 




|ai(yi,a:2) Ui{x)\‘^dx dyi 


1/2 


1/2 

Let V denote the mapping y 1— >■ (/^di \ui{xi,y2)\^dxi) . Then v G with 

lklli,2.n < |f^i|^^^||Ri||i,2.H, and 


/ / \ai{yi,X 2 )ui{x)\^dxdyi = \\aiv\\l^^. 

J ^ J 


As a result. 


/ / {'Du{x,yi),ai{yi,X2)ui{x)) dxdyi 

J ^ J 

< |ni|^^^|lai||]v[|l2^M||2.3xni IIui II 1,2,3 

< l|ai|lM(||^»M|| 2 , 3 xni + 2 ”^|f^l|||ui|| 2 , 3 )- 
We have used here the fact that, by Stokes’ theorem, 

Il'^^ll2,3xni = I^l|ll^a:'ai|l2,3 + II ^!/l'^2 || 2,3x Oi' 
We may likewise prove that 

/ / (a2(j/i,a:2)iti(a;),T>M(a;, yi))cia;fiyi 

J ^ J 

<l|a 2 ||M(MlHxn,+ 2 -^|fIi|||ui||y 


and 


/ (( 7 Ui(a:i, •),Mi(a;i, ■)) 2 ,a<ia;i 

= |(gu,'i;)2,n| < lkl|M(lliPM||2,3xni + |f2i|||ui||2,3)- 
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Combining these inequalities with 


Re 


/ / {Myi>X2)'Du{x,yi),'Du{x,yi)) dxdyi 
J ^ J 


> ll(Re^) 


Im 


\m\i. 


:xr2i 5 


which is obvious, gives 


□ 


Remark 3 . The form dP is associated with the two-scale homogenized system, first 
proposed by Allaire El] in the context of two-scale convergence. See also |LNW| 
for a self-contained approach to this matter. 


Now we wish to relate the form cr to a°. Fix a u G H^{E). Let ui(x) = 
u(x) and U2{x,yi) = N{yi,X2)'Dxu{x) -\- M{jji,X2) u{x). We claim that u belongs 
to H^{E) © L2(S; Hq (fli)). Indeed, U2{x,yi) has a derivative with respect to yi, 
and, by reasoning explained in the proof of Lemma[^ it lies in ^2(2 x (notice 

here that ViN and ViM are multipliers). Applying identities for N and M in the 
form ( 18 ), we find that a^[u,v] — 0 for all v G {0} © ^2(5; iLp(fli)), and therefore 
a°[u] = cfi[u, u © Oj. Now it follows from the definitions of the effective coefficients 
that 




= am 


for every u G which is the desired relation. 


Since cr is coercive, the above identity tells us that so is a^, with 


( 27 ) 


Rea°[u] > c^,\\'Du\\l :^ — ci,||m||2 _; 


Gi 7 ^(S). 


Hence, the form a° is strictly m-sectorial, with sector 

<5’o = G C: |Imz| < c“^C'°(Rez + c* + C[,)}. 

Corresponding to a° = a° —/r there is an operator — y,: H^{E) —>• 

which is an isomorphism provided that y ^ t^o- For such a y, (. 4 °)“^ maps ^2(2) 
onto H^{E). (This can be shown by using the difference quotient technique of 
Nirenberg; see the proof of Lemma for further details on this matter.) We 
denote the largest of the sectors c^o and c^i by c^. 


2 . 4 . Correctors. We introduce two types of correctors. The first, denoted Af®, 
will be needed to obtain the approximation for 'Di{A^^)~^ and is defined as follows. 
Let be the pseudodifferential operator in the xi-variable with symbol Xe-iq*, 
where Xe-in* is the characteristic function of the set or, to put it differently. 


= {A ®iyXe-^ni{A ® I). 

Here A is the Fourier transform in L2(R‘^0- Then the corrector /C® : ^2(2) —>■ 
for A^ is given by 

( 28 ) K-l = {N^V + My{Al)-^VP 


We remark that, while (N^T) + M‘^){A'^)~^f, with / G ^2(2), is not generally in 
i 7 ^(S) (not even in L2(S)), the function /C^/ always is, which may be proved by 
applying the scaling transformation and the Gelfand transform (see ( 55 )) and then 
using the properties of N and M (see Lemma [^. What is more, these calculations 
show that Ky is a bounded operator. 
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The second corrector, denoted will be needed for a more subtle result. If k 
is a vector in and ^ is the corresponding element of 0 { 0 }, then we define 
differential expressions 

= ((^ + T^ 2 )*A{yi, ■) + a\{yI, •))(^ + ^ 2 ) + (^ + T> 2 )*a 2 (j/i, •) + q{yi, ■), 

Tit, 1/1) = {it + I? 2 )*A(j/i, t+atiyi,- ))Vy, 
and families of operators 

■^fii^) = it + T2)*A^it + 'D 2 ) + ia!l)*it + 'D 2 ) -\- it + 'T2)*a^ 0 — /i, 

2/1) = (fV(yi, .)it + V 2 ) + M(yi, ■))(^°(fc))-^ 

Let be the adjoint of For the operator (^p+, we construct the ef¬ 

fective operator (. 4 °)+ and the corrector (/Cp+, as well as the families 
and (It may be noted in passing that (. 4 °)+ is the adjoint of 

Finally, let be the pseudodifferential operator in the cci-variable with operator¬ 
valued symbol k i-A- Cf^ik): 02(^12) —> L2(f^2) where 


£yik) = [ (/C^(fc; 2 /i)+)*( 5 (fc; 2 /i) (^0 (fc))-i 0 r(fc; i/i)1/1)) dy,; 

J 


that is. 


= iF®T)*Ct-)iT®T). 

The operator £+ is constructed similarly. The corrector C® : ^2(2) —> ^2(2) is then 
defined by the formula 

( 29 ) C^ = (/C^-£^) 0 ((/Cp+-£+)*. 

We will see in what follows that Cf. is continuous. 


Remark 4 . Notice that, since . 4 °(-) is the symbol of A'^ in the above indicated 
sense, can be written as 

c, = {Air^MiAirt 

where A 4 : is a third-order differential operator with coefficients 

depending only on X2- 


We conclude this section with an example of the operator A^. 


2 . 5 . An example. Let d > 1 and p > d. From the Ehrling lemma, we know that 
if 7 € Lpifl), then 7 e M(iL^(n), 02(^2)) and for all e > 0 there is a C'.y(e) > 0 , 
depending on d, p, fl and || 7 ||p,n, such that 

(30) \\iu\\I q < e\\Du\\l Q + C^ie)\\u\\l Q, ueiL^(n). 

As an example of a multiplier between H^ifl) and iJ^(n)*, let ds be the Dirac 
distribution on a d — 1 dimensional Lipschitz surface S in 17 and let cr be a function 
in Lp_i(S). Again, for each e > 0 there is a Ccr(e), depending on d, p, 12 , S 
and ||cr||p-i,s, such that 

( 31 ) \iaSsu,u) 2 ^n\< 4 Du\\la + C„ie)\\u\\l^^, ueid^( 12 ). 

Equipped with this information, we consider a periodic operator on ^2(2) of the 
form 


= iV- Al)*g%V - Al) 0 Vt 
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We may think of "H® as a (possibly non-self-adjoint) periodic Schrodinger operator 
with magnetic and electric potentials that is associated with metric . Suppose 
that 5 is a periodic function in Lip(r22; and Reg is uniformly positive 

definite. Let Ai and A2 be periodic functions in Wj)(^2;Finally, let S 
be a d — 1 dimensional periodic Lipschitz surface in S. Then we assume that V 
is the sum of a periodic function V G ^^^2(^2; Lp/2(^i)) and a distribution ctJs 
with periodic a G Wp_i{Yj n fl). Clearly, T-L^ thus defined can be expressed in the 
form 


= V*A^V -k Kyv -k V*al + 

where the coefficients satisfy the properties ( 12 |-( 14 l in Remark]^ So our result 
applies to . 

It is straightforward to construct an analogous example for the case d = 1 . Now 
we take E to be a discrete periodic set of points in K and assume that g G Loo(^) 
with Reg uniformly positive definite, Ai,A2 G L2(fl) and V = V + aSs where V 
lies in Li(i 2 ) and ct is a periodic function on E. 

We note that the potential may also involve a singular term £~^W^ with a 
suitable function W. We refer the reader to |Su3l Section 11 ] for the details. 


3. Main results 

We now state the principal results of the present paper. 

Theorem 1 . If g ^ S’, then for any e G'S we have 

(32) ll(^p-'-(^°)-'llB(L.(s))<£, 

(33) l|2?2(^p-' - 2?2 (^°)-'||b(l.(h))- < £• 

The estimates are sharp with respeet to the order, and the eonstants depend only 
on rA, p and the multiplier norms of the eoeffieients. 

Theorem 2 . If p ^ S, then for any e G'S we have 

(34) WViiA^)-^ - vyAl)-^ - < £• 

The estimate is sharp with respect to the order, and the constant depends only on 
r\, p and the multiplier norms of the coefficients. 

Theorem 3 . If p ^ S, then for any e G'S we have 

(35) ll(^p-'-(^°)-'-^C^IlB(L.(H))<e^ 

The estimate is sharp with respect to the order, and the constant depends only on 
rA, p and the multiplier norms of the coefficients. 

Remark 5 . Although it is possible to write down all the constants explicitly, we do 
not do so here. In particular, we write a y /3 to mean a < Cft where C is a positive 
constant depending only on ca, p and the multiplier norms of the coefficients. 

Remark 6. Using the resolvent identity, we can transfer the estimates in Theo¬ 
rems ITl-l^ to those p G S for which A® (at least for each e in an interval ( 0 ,e^]) 
and A^, when viewed as operators on ^2(2), have bounded inverses with norms 
majorized by constants independent of e. For instance, the estimates hold if p is 
in the resolvent set of the effective operator, but in this case we have no control 
over £^. 
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Remark 7. The hypothesis that the coefficients have weak derivatives with respect 
to the non-periodic variable is crucial to our analysis and reflects the fact that 
the roles of the two variables are quite different. Roughly speaking, only the first 
variable is involved in the homogenization procedure, while the second plays the 
role of a parameter (see, for example, the definitions of N and M, where this is 
literally the case). In particular, the hypothesis ensures that N and M belong to 
and that the pre-image of ^ 2 ( 2 ) under is as a consequence, the 

range of /C® is contained in H^{E). 

Remark 8. While and have limits, the operator can 

fail to converge, because, though the norm of is bounded uniformly in e, it 

need not go to zero. However, if, for example, = 0 and T)\a 2 = 0 (in the weak 
sense), then = 0, and 'Di{A^^)~^ is therefore convergent as well. Notice that, in 
this case, the effective coefficients are obtained by simply taking the mean over fli. 

Remark 9. We may replace with another smoothing. For instance, the Steklov 
averaging operator (see |Zh| ~) or the scale-splitting operator (see |Gr 1| ~) can be used 
instead. This follows from the inequalities 

(36) \\{'DiN)w\\y < \\N<S>V,w\\l^ + \\w\\l^, 

(37) \\{V,M)w\\ls < \\MV,w\\l^ + 

which hold for any w G C'((°(S) (the proof of the inequalities is parallel to that 
of Lemma [T|), and properties of the smoothing operators (cf. similar techniques in 
fPSlil Lemma 3.5]). The reason why we chose is merely one of convenience: as 
we shall see below, takes a rather simple form after passing to the fundamental 
domain. 


Remark 10. As already indicated, the operator guarantees that the range of 
is contained in H^{E). This means that, in general, it is not possible to remove V^. 
However, this can be done in certain cases. For example, if N G M(L 2 (H))^^‘^ 
and M G M(JI^(f2),L2(f2)), then the classical corrector 


/C^=(N^V + M-)(A^J 


0\-l 


as well as the composition 77i/C^ are bounded on ^ 2 ( 2 ) (by (361 and (371), and the 
estimates (34) and (351 remain true with in place of and 

c^ = (/c^^-£^) + ((^p+-£+y 

in place of C®. 


4. Problem on the fundamental domain 

Our strategy is to reduce to an operator on the fundamental domain fl and 
then formulate Theorems m in terms of this latter operator. 

Let T = (k,s) G fA = X We introduce the notation 77 i(t) = T>i + ^, 
2^2 (t) = eT >2 and T>(t) = T>i(t) + T> 2 (t) and set 

l|M||i,2.a;r = {\\'D{t)u\\1,;^ -k |rH] m|| 2 ,n) 
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and 

l|M||li.2,n;T = (li2?i(T)u||2,n + 

||M||l 2 . 2 ,n;r = (II 2^2 (t)u|| + |r Hi m|| 

for any u for which the right-hand sides make sense. 

Now let us define periodic Sobolev spaces over the interior of fl. Recall that we 
view A as acting on S and C is a fundamental domain for A. The space 
consists of all functions that are in and that have periodic extensions in 

W^{K) for each compact set K C E. Let lT™Q(f2) be the subspace of functions in 
with zero mean. As usual, = W^{Vl) and = 1 T™q(0). 

We define the form a(T) on H^{n) by 

a(T) [u] = {AD{t)u, 'D{t)u) 2 ,q. + e{'D(T)u, aiu) 2 ,Q. 

+ e{a2U,V{T)u)2,Q. + e^{qu,u)2,Q,. 

Note that, when estimating ||a„u|| 2 ,n, n G [2], and Kgrt,M) 2 ,n|, we can replace u by 
uv with v{x) = Hence, 

(39) e||a„M||2,n < l|a„||M(£^lliPi(T)M||2,n + l|252(T)M||2,n + e^l|M||2,n)^^^ 

(40) e‘^\{qu,u)2,n\ < lkl|M(£^||25i(T)u||2_o + I1^2 (t)'u||2_o + £^lkll2,n); 
in particular, this means that 

(41) e||anw||2.n < l|a„||M(||iP(T)u||^_n -k £^||u||^_^)^^^ 

(42) e2|(gru,u)2.n| < lkl|M(lliP(T)u|||n + e^lkH^.n) 

for all u G iJ^(n). Therefore, the same reasoning as for a® gives 

(43) Ifl(T)[u,u]I < (71,111(111,2,a;r|kl|i,2.n;T, u,v€H^{D,), 

and 

(44) Rea(r)['u] > c*||X>(t)m|||q-£^ cjM||^,f 2 > u€H\n). 

Define Af_i{T) = A{t) — fj,: —>• iL^(fl)* to be the operator associated with 

the form a^(T) = a(r) — e^/x. It follows that Af^ir) is an isomorphism if ^ ^ <^i. 

Lemma 3. For any (ji S and t & S' we have 

ll(7ll.(r))-l|lB(L2(n))<M-^ 

|lD(r)(7l^(r))-i|lB(L2(n))^<|rr\ 

l|2^('£)(-4i.(T))-lX>(T)||B(L2(n))<ixd < 1, 
|lI?(r)I?2(r)(7l^(T))^i||B(L2(a))^xd < 1, 
where the constants depend on /i and the multiplier norms of the coefficients. 
Proof. We do the case /x G 5?, where 

5? = {zGC: Rez< —c^}. 

The general case then follows by the resolvent identity. 

Expanding u G in a Fourier series 

xx(x) = |fii 1-1/2 ^ XXA.(x 2 )e-l<"-^*>, 

A*eA* 
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we find that, for all k G 


(45) 


|X>i(r)i 


Ii2,n 


= E 

A*gA* 




>mu"^ 


2,nj 


which means that 


\rnu\\ln<mr)u\\ln+e4u\\l^. 


Combining this with (441 gives the first estimate. The second is immediate from 
the first and (441, and the third follows at once from (441. It remains to prove the 
last. 

We shall use the classical technique of difference quotients. To that end, we 
introduce a little notation. Let 62 ,mj 'm- G [t^ 2 ]> be the unit vector along the 
a; 2 ,m-a'Xis. If u is any function on then we define the difference quotient m 
the variable X 2 ,m of size h gR \ { 0 } by setting = —ih~^{T 2 „^u — u) where 

iT4m44) = + he 2 ,m)- Observe that 


= Di 


— h 


and 


D2,miuv) = + u{Dl^^^v). 

For / S 4 ^ 2 ( 0 ) fixed, we set w = f. Then 

(46) a4T)[D!^,^w] = (/, 

If we show that 


(47) \{[dI^,A4t)]u,v] 


2,ni 


< 


l'w||l,2.a;T||'P||l,2,n;r, U,V G i7^(0). 


where the constant is independent of h, then, by the estimates that we just proved, 

'-^C\\Dl^w\42,n;r 


the right-hand side of (46 1 will not exceed 

e-4v{T)Dl^w\\2,n 

<2 ^C:t\\'D{T)D2,^w\\lQ+£‘^\c[f+Re4\\D2^jnM\2,Q+^ 
with some constant C. We have used here the fact that, for any h, 
\\D2X^2,mWh,n < \\D2,TnD2^^w\\2,n. 

On the other hand, since — (c^ -I- Re/i) > 0, it follows from ( [44| that 
Rea4T)[Dl^w] > c4V{T)Dl^w\\lf;i + +Ren\ 

As a result, 

l| 77 (T)ei:>^„u>|| 2 .n < \\fh,n 
uniformly in h. Thus, there exists I?(T)I? 2 ,m(T)iu, with 


|T>(T)T>2.m(r)w||2,n 


< 


2,n, 


as desired. 

We conclude by proving Since 

{{Di,n,A4T)]r2~4u,v)^^= {{d!^„^A)V{t)u,V{t)v)^^- e{V{T)u,{D!^„^ai)v] 


2 ,n 


+ s{{D%„^a2)u,V{T)v)^ ^ + £^{{D'^^^q)u,v] 


2,n’ 
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we see that it suffices to show that each coefficient of this form is still a multiplier 
with norm bounded by a constant independent of h, because then an argument 
similar to the one we used for proving ([4^ will lead to (471. Obviously, 


“'( 0 . 1 ) 


for every function 7 that has a derivative 132 ,m 7 G ^ 2 (^ 3 ). A duality argument 
shows that if -D 2 ,m 7 € then 


“'(0.1) 


dt. 


any u G 0^(0). Hence, \\D!^^^A\\m < || A’2.mA|lM, II< || A'2,man||M, 
n G [2], and ll-D^.m^liivi < ||£' 2 ,mQllM- This completes the proof. □ 


Let : H^{Q) —)■ be the the formal adjoint of Afj,{T). From (43) 

and (44), we see that A^{t)'^ is also an isomorphism whenever /i ^ c5’i. Moreover, 
the conclusion of Lemma ^ holds for 7l^(r)+. ft is easy to note the relationship 
between A^ir) and A^{t)^. Indeed, a suitable restriction of A^{t)'^ is the adjoint 
of the restriction of A^{t), so that, if ^ ^ c^"!. 


( 48 ) 


V,/)2n = V) 


2 , 0 ’ 


/ G ^ 2 (^ 3 ). 


We shall think of L 2 (ff) as the tensor product L 2 (ni) (S) L 2 {^ 2 )- Recall that Q is 
the Gelfand transform and is the scaling transformation. Clearly, QS^ maps 
onto L 2 (^^i; and, for any u G 




-2 


a^(r)[u(fc, •)] dk, 


where u = {GS^ (g) I)u; that is, 

(49) (05"®X)(Mp-i(05"®X)-i = r e\A^iT))-^dk. 

v/o* 

Now, we would like to do the same for the operator 7l°. To this end, let a°(r) 
be the form on defined by 

a°(T)[M] = {A°V{T)u,V{T)u)2,n + e(X>(T)M, o?m)2,o 
+ £(a2U,X>(T)n)2,o +£‘^{q°u,u)2,n 


( 50 ) 


where 


{q°u,u)2,n= / (g°u(a:i, •),u(aii, •))2,02^2:1. 

JUi 

The same arguments used to obtain ( [2^ and (271 now show that 
( 51 ) |fl°(T)[u,n]| < C'°||n||i_2,0;r||T||l,2.0;r, U,VGH^{GI), 


and 

(52) Rea°(T)[u] > c*||X>(T)u||^_n - £^ci,||m||^ Q, uGH\n). 

Let7l°(T) = 71 °(t)— -G- be the operator corresponding to a°(T) = 

a°(T) — Then 71 °(t) is an isomorphism if ^ ^ c^o- 
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Lemma 4. For any fJ. ^ S and t G ^ we have 

||M°(r)^l|lB(L.(n))<|rr^ 

IIW(-4°(r))-^|lB(L.(a))<^<|r|-\ 

< 1 , 

||X>(r)X>(r)(^°(r))-i||B(L2(n))^xd < 1, 

where the constants depend on /i and the multiplier norms of the coefficients. 
Proof. The proof is similar to that of Lemma □ 

Since, for every u G 

a°(.T)[u{k, ■)]dk, 

Jfil 

with u = {GS'^ 0 1)u, it follows that 

(53) {GS^ ^I){A°)-\gS^ ^I)-^ = r e\AliT))-^dk. 

Jfil 

As a result, we may restate Theoremin terms of the fibers Af_i{T) and A°(t). 
Theorem 4. Let pi ^ S’. Then for all t G it holds that 

ll(-A^(r))-'-(A°(r))-i|lB(L.(a))<|r|-\ 
\\V2{t){A^{t))-^ - T>2 (t)(A° (T))-l|lB(L2(n))d < 1, 

where the constants depend only on r\, pi and the multiplier norms of the coeffi¬ 
cients. 

Let Vi and 7^2 denote the orthogonal projections in L 2 {Gt) onto C ® L 2 (^^ 2 ) 
and L 2 {Lli) (8)C, respectively. Notice that 

/■0 

{GS^ (g) I)V^{GS^ 01 )-!=/ dk. 

Jni 

Define A^(r): L 2 (D) ^ H\n) by 

(54) /C^(t) = (NVir) + eM){Al{r))-^V^. 

Lemma 5. For any p, (f S and t G iA we have 

||25i^Ai('r)||B(L2(n))‘i ^ kl 

||T>iT>2(T)/C^(T)||B(L2(n))<ixd < 1, 

where the constants depend on p and the multiplier norms of the coefficients. 

Proof. Let / G L 2 {Gl), and let u = (A°(t))“^7^i/ and U = IC^{T)f. Then, by 
Lemma 1^ it follows that 

W'DiUh.n < \n,\-^/^{\\ViN\\M + ||iDiM||M)hl|i2.2.n;r < kri/lb.a 

and 

||2?iiD2(r);7||2,n < |riir^/"(||iDi2?2A'llM + \\ViV2M\\M)\T\\\u\\i,,2,n-r 

+ |f^i|-i/2(||I?iiV||M + ||2?iM||M)||2?2(r)R||i2,2Ar < Wfh.n, 

□ 


as required. 
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We remark that, since ViJCfj,{T) = 0 (by the definitions of N and M), we may use 
Poincare’s inequality to see that and 'D 2 {t)JC^{t) satisfy estimates similar 

to those for and 'Di'D 2 {t)IC)j,{t), respectively. This means that, unlike 

the case of vA^(t) and where both T’i(t) and T’ 2 (t) make the norms of 

the corresponding compositions smaller, roughly speaking, by multiplying each of 
these norms by |t|, the differentiation Vi will not change the order of the norm 
of The reason, of course, is that the corrector Af® involves functions that 

rapidly oscillate in the first variable. 

In the same fashion as above, we may prove that 

(55) ®X)lCl{gS^ ®I)-^ = r elC^,[T)dk. 

in* 

Theorem now takes the following form: 

Theorem 5. Let jjL ^ S. Then for all t G tT it holds that 

\\Vi{T){Af,iT))-^ - X>i(r)(^°(T))-i - X>i(r)/C^(r)|lB(L2(n))<< < 1, 

where the constant depends only on r\, fi and the multiplier norms of the coeffi¬ 
cients. 


Let 5(r): H^{n) -G- and T{t): H^{n) -G- be given by 

(56) 5(t) = ((jt + 2?2(T))*A + £ai)(j^ + X>2(r)) + e(jt + T>2(r))*a2 + 

(57) T{t) = {{H + V2{T)yA + ea\)V^. 

Clearly, S{t) and T(t) are bounded operators, satisfying estimates like that for A^{t). 
It is in fact possible to improve these estimates by using (391 and (401 instead of 


(411 and 

(58) |(5(T)u,i;)2.n| < (e||X>i(T)M|| 2 ,n + ||w||i 2 , 2 .n;r)(e||27i(T)u||2,n + ||ii||i 2 . 2 .n;T), 

(59) |(T(r)u,u) 2 .n| < ||27iu||2,n(e||27i(T)u||2,n + ||T||i 2 , 2 .n;T) 

if u,v G The operators 5 (t)+ and T(t)+ are defined likewise. Of course, 

estimates similar to (58) and (59) hold for 5 (t)+ and T(t)+ as well. Notice that 

(60) Af^ir) = VlAVi + S{t) + T{t) + {T{t)+Y - 

We break Theoreminto two parts. The first is formulated as follows: 

Lemma 6. For any p S and e G 'S we have 

where the constant depends on va, p and the multiplier norms of the coefficients. 

Proof. We estimate the operator norm of the symbol Fix k G \ {0}. 

Let / e L2(02), and let u = (A°(T))-^f and U = /C^(t)/, C/+ = /C^(t)+/ 
where r = (k, 1). Then 


(£^(k)f,f)2,n, = iniryS(T)u + T(T)[/,[/+) 


2 , 0 ’ 


It should be noted that while Lemmasandare only asserted to be valid for A^^{t) 
and /C^(r) with r G O); x g”, they may be extended to vA°(t)Pi and K.^(t) with r G 
K'’*! X "S. Indeed, the condition k G fll is used only to ensure the inequality (45). 
But when u does not depend on xi, we have equality for each k G Thus, the 
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estimates (581 and (591 together with these extended versions of Lemmas and 
as well as Poincare’s inequality, give 

< (lkl|i„2.n;r + II«7|| 2 .n)||(7+1|i,, 2 . 0 ;. < \k\-W 2 ,n.- 

Now if g G (7^(5) and g = {F ® I)g, then 

KC^{I-r^)g,g)2,E\< f \{C^{k)g{k,-),g{k,-))^^ 


dk 


< 


This is the result that we wished to prove. 


1*1 \\9ik,-)\\2,ndk<erj^ hh,-- 


□ 


The lemma takes care of — V^) and C^{I — V^) in the estimate (35), so we 
may concentrate our attention on and . Let 7l°(r)+ and play 

the roles of v4°(t) and for 7l^(r)+. Then, since 

{{gS^ ®T)V‘^u){k,x) = ®X)u){k,X 2 ) 

for every u € L 2 (S), we find that 


-1 


/*® 

/ eC^{T)'Pidk, 


(61) {gs^ ®i)c^v^{<gs^ ®i) 

where C^{t) : L 2 {gi) —>■ ^2(51) is given by 

(62) /:^(t) = (/C^(r)+)*(5(T)(7l°(r))-i + r(T)/C^(r)). 

Define /I^(t)''" similarly. Obviously, in order to prove Theorem we need to 
establish the following result: 

Theorem 6. Let g ^ S’. Then for all t £ ST it holds that 

||(7l4r))-i-(7l°(r))-i-(/C^(r)-/:^(r))Pi-Pi(/C^(r) + -/:^(r)+)l3(^^(^)) <1, 

where the constant depends only on r\, g and the multiplier norms of the coeffi¬ 
cients. 

We now turn to the proofs. Our first goal is to verify the identity 
M^(r))-'Pi-(7l°(r))-iPi-^^(r) 

(63) = -(7l^(r))-iPi^(5(r)(7l°(r))-iPi +r(r)/C^(T)) 

- {^ri^))~\S{T)+ +T{t)+ - e^g)*lC^{T). 

Denote the operator on the left by li f,g G L 2 {Ll), then we set u = 

(7l°(r))"V. U = JCf,{T)f and v+ = {A^,{T)+)-'^g. By we have 

{idf,{T)f,g)2,n = a°(T)['Piu,i;+] - a^(r)['Piu + [/,u+] 

(and here we are using the fact that Vi commutes with T>{t) on periodic functions). 
Looking at the definitions of the effective coefficients, we see that 

(64) 71°(t)Pi =Pi(7l;.(T)+r(T)(lVI?(T)+eM))Pi, 
from which we obtain 


(65) aj((r)[T’i'u,u+]-a^(r)[T’iu,'(;+] = (T(t)[/,T’ iu+)2,a-(71 ^(t)'Pim,■ p'^)2,n- 
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On the other hand, it follows from (601 that 

(66) a^(r)[C/,i;+] = (T(T)(7,'Pin+)2,n + (5(T)C/,'Pin+)2,n + {A^{T)U,V^v+)2,n- 

The first term on the right-hand side of this last equality cancels with the first term 
on the right-hand side of ( [6^ , so 

(fi^(r)/, 5 ) 2,0 = -{Af,[T){Viu + U),ViV^)2,q. - (5(r)C/,T’iu+)2,n. 

Notice that, by the definitions of N and M, 

VlAViU + {T{t)+)*Viu = 0. 


Since T(t)Vi = 0 and = 0, this and the identity (601 imply that 

{Uti{T)f,g)2,n = -{S{T)Viu+T{T)U,Vtv+)^^^-{S[T)U+{r{T)+)*U-e^nU,v^)^^^. 

Then, using ( |4^ and the fact that iS(t)+ is the formal adjoint of S{t), we get ( [6^ . 

Another important identity is 
(67) 

{A^{t))-^V^ - {Al{T))-^V^ - 1C^{t) + C^{T)V^ + Pi(£^(r)+)* 

= -{{A^,{T)+)-^ -K,^{T)+yvi{S{T){A^^{T))-^Vi+T{T)K,f,(T)) 

- ((A^(r) + )-i - (A°(r)+)-i7^i -/C^(r)+)*(5(r)+ +r(T)+)*A^(r) 

- (‘5(T)+/C^(r)+ - £^fi{Af,{T)+)-y*lC^{T). 


To prove this, we just note that T(r)+7^i = 0 and VilCfj, (r) = 0 and then apply (631. 
We denote the operator on the left by V^(t). 

With these results in hand, it is easy to complete the proofs of the theorems. 

Proof of Theorem We write 

(-Am(t))-' - (^°(r))-i =U,{r) + {A,{T))-^Vi - {Al{T))-^Vt +1 C,{t). 

By Poincare’s inequality (|^ and Lemmasand(for A;_j(t)+ and A°(t)+, respec¬ 
tively), the norms of \T\{A^{T))~^'Py 'D 2 {t){A^(t))~^'Pi as well as |t|(A° (r))“^Pj‘-, 
'D 2 (j){A^yT))~'^'Pi are uniformly bounded. In Lemma 5 we proved that so are 
the norms of \t\ 1 C^{t) and 'D 2 {t) 1 C^{t). Thus, it is enou^ to show that 


( 68 ) 

(69) 


l!^/i(T)l|B(L2(n)) ^ kl 
\V2{T)U^{T)\\^(L,m) < 1. 


Let notation be as above. We use (581 and (591 together with the Poincare inequal¬ 
ity § to estimate each term in (|63|). The result is that 

\ipl^l{r)f,g)2,n\ < |r|-i(| t|||m|| i,,2.n;r + ll27iC7|li2.2.n;r) 

X (I|2?i('r)?i+||i2.2.n;r + |r|||u+||i2,2,a;r). 


(70) 


Combining this with Lemmas |(for A^(r)+),@ and 1^ gives ( [6^ . 

The inequality (691 is proved in a like manner. We set ■u;+ = {A^{t)^)~^'D 2 {t)* g 
with g G £ 2 ( 11 )'^ such that T> 2 {T)*g G £ 2 ( 11 ) and then estimate the form 

(h/^(T)f,V2(rrg)2.n = -(S(t)Piu + r(T)U,P^w+)^^^ 

- (t^>(‘5(T)+ -f r(r)+ -e^/2)u>+)2f2' 


( 71 ) 
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However, a modification is required to eliminate the mixed second derivatives of w'*' 
which arise when we estimate the right-hand side (cf. (70), where a similar term, 
namely 'D 2 {t)'Di{t)v~^, causes no difficulty). 

We do so as follows. Let (p G L 2 {^ 2 ', and let be the solution of 

in L 2 (fli; 77^(H 2 )). Obviously, ill has first derivatives and mixed second derivatives, 
as well as pure second derivatives in X 2 - Fix [ G 0 {0} with \[\ = |r| and 

define the operator Sir)-. L 2 (f^ 2 ; 77^(Oi)) —>■ 77^(0)'^ that assigns to each p G 
L 2 (^^ 2 ; 77^(r2i)) the function {[ 0 l? 2 ('p))^- It follows that {[ +'D 2 {t))*£(t) is the 
identity mapping. A straightforward calculation (using the fact that ||i£’(T)(/3||2,n = 
|i 2 , 2 ,n;T) shows that £(t) is bounded and 


(72) |T|||X>i(T)£(T)(/j||2,n 0 \\£(T)'p\\i^^2,a-T < ||27i(T)(,5||2,n 0 3||</5||2.n- 

Now, we may rewrite the first expression on the right-hand side of as 
{S{t)Viu 0 T{T)U,Viw+)^^ 

= e([I?2, S{t)]Viu 0 [I?2,r(r)]C/, £{T)Vtw+'^ 


12 , 0 . 


0 {S{t){[ 0X>2(r))'PiM0T(r)(7 + 'D2{t))U,£[t)ViW^^ 


i2.n' 


Applying (58) and ( [59| ) and similar results for the commutators of I ?2 with S{t) 
and T(t) (notice that these commutators have the same forms as S{t) and T{t)), 
we conclude that 

\{s{T)Viu + r{T)u,vtw+)^J 

^ (||772(T)u||l2,2,a;T 0 |T|||u||l 2 , 2 .a;T 0 ||77lt7|j l 2 , 2 ,n;T) 

X {\r\\\Vi{T)£{T)r^W+\\ 2 ,n 0 |l£^(T)iPi^W+||l 2 . 2 .n;r)- 


Therefore, by the estimate (72) together with the Poincare inequality, 

(^ 3 ^ mr)r^u + nT)u,rtw^)^J 

^ (l| 272 (T)u||i 2 , 2 ,n;r 0 1 ^ 11 | u|| I2, 2 , 0 ;r 0 117 ^ 117 || I2 , 2 ,n;T) || 7^1 (t)!!!^ || 2,0 ■ 

The second expression is handled in the same way as before. The upshot is that 

|(7/^(r)/,I?2(T)*g)2.a| 

^ (||7?2(T)u||i2,2,n;T 0 |T|||M||l2,2.n;T 0 ||7?ll7|| 12 , 2 , n;r) llw*" || 1 , 2 . n;T, 
whence (691 follows by Lemmas [|(for A^(r)+),gand[| 


□ 


Proof of Theorem The proof follows the same pattern as the previous one. Again, 
the assertion is reduced, by Poincare’s inequality and Lemmas [3| an d to the esti¬ 
mation of 'Di{t)U^{t). Then the arguments that we used to obtain (74) go through 
without change to yield the desired conclusion. □ 

Proof of Theorem We write 

- (-4° (t))-i - (/C^(t) - Cf,{T))ri - Vi (/c^(r)+ - 
= 0 - Pi^(A°(T)+)-i _ ]Q^(r)+y 
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(recall that Vi^{t) is the operator on the left side of @). Since Theorem holds 
true for it follows that 


where we have used Poincare’s inequality and the fact that Pi/C^(r)+ = 0. Thus, 
we are left with estimating the operator V^(t). 

Fix f,g G L 2 (n). Let u, U and be as above, and let 
and [/+ = Then, by ( [^ , 

(V;.(r)/,g)2.a = -(5(r)Pi« + r(r)t/,Pi^(z;+ - U+))^^^ 

- {U, (5(t)+ + r(r)+)(i;+ - Viu+ - 

-(t/,5(r)+C/+-£V+)2,o- 


We use (73), with v'^ — U~^ in place of w'^, 
first expression on the right-hand side by 


to estimate, dropping the constants, the 


(75) (||I?2 (t)u||i,.2 .0;. + |r|||u||i„2,0;r + |1 T?! C/|! l„2.Q;r) || I?! (t)^!^ (^^^ " 

The remaining terms, according to estimates similar to (581 and 
Poincare’s inequality, do not exceed 


C^+)l|2,0. 

as well as 


(76) ||I?lC/||l,,2,n;r(|k+-PlU+-t/+||l.2Ar + l|2?l?7+lll2,2Ar + |r|||I?l(T)u+||2,n) 


(notice here that Pi/C^(t) = 0). Further, by Poincare’s inequality, 

(77) ||I?i(t)1Pi^(u+-C/+)||2,o < ||I?i(t)(u+- u+ - C/+)||2.n + ||27i(r)I?i(T)u+||2,n 


and 

(78) 

||u+ - riu+ - C/+||l, 2 ,n;r < Il27l(r)(u+ -u+- U+)\\ 2 ,n + ||u+ - u+||i,. 2 .n;r 

+ ||I?l(T)u+||p2Ar + l|2?lC/+l|l..2,n;r. 

If we combine ( |75[ ) with ^ and ( |7^ with ^ and apply Lemmas [I] and 
(for K,^{t) and /C^(t)+) and Theoremsand(for then we obtain 

\{V^{T)f,g)2,n\ < ||/||2.a||5ll2.o- 


This proves the theorem. 


□ 
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